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SCOTT’S RIGIDITY THEOREM
FOR SEIFERT FIBERED SPACES; REVISITED

TERUHIKO SOMA

ABSTRACT. We will present a new proof of the rigidity theorem for Seifert
fibered spaces of infinite w1 by Scott (1983) in the case when the base of the
fibration is a hyperbolic triangle 2-orbifold. Our proof is based on arguments
in the rigidity theorem for hyperbolic 3-manifolds by Gabai (1997).

It has been twenty years since Scott [II] proved the rigidity theorem for Seifert
fibered spaces M with infinite fundamental groups. In fact, he proved the theorem
in the case when the base of M is a triangle 2-orbifold O(p,q,r) with 1/p+ 1/q +
1/r < 1. In all other cases, M is a Haken manifold and the proof of the theorem
reduces to Waldhausen’s rigidity theorem [I4]. Scott’s result was the first major
step in the proof of the Seifert Fibered Space Theorem which was completed by
Gabai [5] and Casson-Jungreis [3] independently. The theorem says that if the
fundamental group 71 (M) of a closed irreducible 3-manifold M contains a normal
subgroup isomorphic to Z, then M is a Seifert fibered space. On the other hand,
the rigidity theorem for hyperbolic 3-manifolds was proved by Gabai [6] in the case
when manifolds satisfy the insulator condition. After that, Gabai, Meyerhoff and
N. Thurston [7] completed the hyperbolic rigidity theorem by showing that any
closed hyperbolic 3-manifold satisfies this condition.

In this paper, we will present a new proof of Scott’s Rigidity Theorem in the case
when the base O of a Seifert fibered space M is a hyperbolic triangle 2-orbifold.
Roughly speaking, our proof is the 2-dimensional (and hence a simpler) version of
Gabai’s argument in [6]. Such an approach is very natural and compatible with the
widely recognized idea in three-manifold topology that any Seifert fibered structure
with infinite 7; is a degenerating limit of 3-dimensional hyperbolic structures. In
fact, the covering X of M associated to an infinite cyclic normal subgroup of 1 (M)
is quasi-isometric to the hyperbolic plane H2. Our proof is completed by showing
that the 79™(O)-orbit of some point x € H? satisfies the 2-dimensional insulator
condition.

Theorem 0.1. Let f : M — N be a homotopy equivalence between closed ori-
entable and irreducible 3-manifolds. If M admits a Seifert-fibration whose base is
a hyperbolic triangle 2-orbifold, then f is homotopic to a homeomorphism.

As a benefit of our proof of Theorem [I.I] we have a considerably shorter proof of
the following, which is also the hyperbolic base case of the theorem given by Scott
[12] (see also Boileau-Otal [2]).
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Theorem 0.2. Let f: M — M be a self-homeomorphism of a closed orientable
Seifert fibered space with a hyperbolic base 2-orbifold. If f is homotopic to the
identity Idas of M, then f is isotopic to Idy,.

1. 2- AND 3-DIMENSIONAL INSULATOR THEORIES; COMPARISON

First of all, we will briefly review Gabai’s insulator theory for hyperbolic 3-
manifolds, which will be helpful to grasp our analogous approach for Seifert fibered
spaces.

Hyperbolic case. Suppose that f: M — N is a homotopy equivalence from a
closed hyperbolic 3-manifold M to a closed irreducible 3-manifold N. Let p be the
hyperbolic metric on M, and let v be a fixed Riemannian metric on N. It is well
known that there exist finite coverings p; : X — M, ¢} : X’ — N such that f
is lifted to a map f] : X — X’ which is homotopic to a homeomorphism f;. By
identifying X with X’ via fi, we have the following homotopically commutative
diagram, where ¢; = ¢} o f1 and X, (resp. X, is supposed to have the Riemannian
metric, still denoted by p (resp. v), induced via p; (resp. ¢1):
Idx

X, —%. X,

n| [

M, —L N,

Let p : Hf) — M,, q : H3 — N, be the universal coverings. Unfortunately,
the definition of the insulator condition for hyperbolic 3-manifolds in [6] is not
so simple, and it might be hard for us to take the notion at once. However, a
striking theorem in [7] guarantees that any closed hyperbolic 3-manifold satisfies
the condition. Roughly speaking, the insulator condition is used to designate an
ambient isotopy class of pfl (¢) in X, where ¢ is a core of some open solid torus V in
M. In fact, this condition gives a certain family {)\;;;} of simple loops in 9H? such
that each component V; of p~(V) is the ‘central’ component of H3 — U#i D;.j105
where D;.;, is a p-least area plane properly embedded in Hf) with OD;. (5 = Aizj-
In the original paper [6], D;.;},] was a D2-limit lamination in Hi spanned by A;.;. It
was later shown that D; [, can be supposed to be a properly embedded plane; see
[13]. We note that intersections of properly embedded planes can be treated fairly
easily compared with those of D2-limit laminations. By studying the situation
of D;.jp,,) under a continuous deformation of Riemannian metrics v (0 < ¢ < 1)
on X with vy = p, ¥y1 = v, one can see that pl_l(c) is ambient isotopic in X
to q; () for a core ¢’ of some open solid torus V' in N. By using this fact, it
is shown that f is homotopic to a map g : M — N such that g~ }(V’) = V and
Y=g|(M-V): M-V — N-V"is a homotopy equivalence; see [6] for details. By
Waldhausen’s Rigidity Theorem [I4], ) is properly homotopic to a homeomorphism,
which can be extended to a homeomorphism from M to N homotopic to f.

Next, suppose that f : M — M is a self-homeomorphism of a closed hyperbolic
3-manifold homotopic to the identify Id,;. Let V' be an open solid torus designated
by the insulator condition for M with respect to the hyperbolic metric p on M.
Then, f(V) is a designated open solid torus with respect to the push-forward metric
f«(p) on M. It follows that V is ambient isotopic to f(V'), and hence f is isotopic
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to a homeomorphism f': M — M with f/'|V = 1dy. By using this fact, one can
show that f/ and hence f are isotopic to Idy;.

Seifert fibered case. Let M be a closed Seifert fibered space with a hyperbolic
base 2-orbifold O. For the proofs of Theorems and [0.2] it suffices to consider
the case when O is a triangle 2-orbifold.

Let f : M — N be a homotopy equivalence from the manifold M to a closed
irreducible 3-manifold N. There exist finite coverings p; : X — M, ¢} : X' — N
such that the induced fibration on X is an S!-bundle over a closed hyperbolic
surface, and f is lifted to a map f{ homotopic to a homeomorphism f; : X — X’.
Then, ¢ = ¢qj o f1 : X — N is also a finite covering. Let p : X — M,
q : X — N be the coverings associated to (y) C m (M), f.((7)) C m(N),
respectively. Both G = m1(M)/(y) and G" = m1(N)/f.((7)) can be regarded as
covering transformation groups on X. Let 6 : X — H2 be the projection of the
induced S!-bundle structure. Note that the isometric action of G = 7*(O) on
H2 commutes the action of G on X via 6. Suppose that X has the Riemannian
metric v induced from a fixed Riemannian metric on N, which is also denoted by
v. Then, G’ acts on X isometrically. The definition of the 2-dimensional insulator
condition is fairly simple compared with the 3-dimensional case, and it gives a
certain family {a;.;} of geodesic lines in H? with G(U ) = U, @ij. The
proof of Lemma [2.3] which shows that any hyperbolic trlangle group satisfies the
insulator condition is short and elementary. By using the condition, we will prove
that there exist G’-equivariant, mutually disjoint open solid tori V; in X. Here,
cach V; is the ‘central’ component of X - UHéz A;.j, where A;; is a v-least area

open annulus properly homotopic in X to the open annulus & 1(ozm). Theorem
[0.T] asserts that the map f is homotopic to a homeomorphism. In the proof, we
do not need any deformation of Riemannian metrics on X. We just need the fact
that X — U, IntW; is homeomorphic to R x S' for some planar surface R, where
W;isa @ -equivariant, solid torus core of V;. This implies that N admits a Seifert
fibration, and hence f is homotopic to a homeomorphism.

Theorem asserts that a self-homeomorphism f : M — M is isotopic to Id s
if f is homotopic to Idys. It will be proved by arguments similar to those in the
hyperbolic case. In particular, we need to study the situation of designated solid
tori VZ in X under a continuous deformation of Riemannian metrics on M from v

to fu(v).
2. INSULATOR CONDITION FOR FUCHSIAN ORBITS

We refer to Hempel [8] and Jaco [9] for the fundamental notation and definitions
of 3-manifold topology. All 3-manifolds in the paper are assumed to be orientable.

Let M be a closed Seifert fibered space with the Seifert fibration o : M — O,
and let f: M — N be a homotopy equivalence to a closed irreducible 3-manifold
N. Suppose that the base O is the hyperbolic triangle orbifold O(p, q,r), where
p,q,r are integers with 2 < p < g <rand 1/p+1/q¢+ 1/r < 1. Let (v) be the
cyclic subgroup of (M) such that the generator ~ is represented by a regular
fiber of M. Since O is orientable, () is contained in the center Z(m(M)) of
71 (M). We set G = 71 (M)/{y) and G’ = 711 (N)/(f«(7)), and let f, : G — G’ be
the isomorphism induced from f, : 7 (M) — 71 (N). The group G is naturally
identified with the orbifold fundamental group 7$*P(O). For any g € G, the element
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f.(g) € G" will be denoted by ¢’. Let a : F — O be an orbifold covering such
that F is a closed hyperbolic surface, and let @ : H?> — F be the universal
covering. Then, m(F) = 7$™(F) is regarded as a subgroup of G = 7¢™(0).
Consider the finite covering p; : X — M associated to ¢~ (7 (F)) C 71 (M),
where ¢ : m (M) — G is the natural quotient epimorphism. If ¢ : X’ — N
is the finite covering corresponding to p;, then f : M — N can be lifted to a
homotopy equivalence f] : X — X’. Note that X has the S'-bundle structure
ox : X — F induced from o : M — O. Since X is a Haken manifold and X’ is
irreducible (see Meeks-Simon-Yau [10]), f; is homotopic to a homeomorphism f;.
Thus, we have the following commutative diagram:

X f{ (: fl) bl

ST
v LN 1

We will identify X with X’ via the homeomorphism f;. If p : X — X is the
covering associated to (y) C w1 (X), then pyop: X — M, qop: X — N are
also coverings, where ¢; = ¢} o fi.

Fix a Riemannian metric ¥ on NV, and also denote the induced metrics on X and
X by v. The manifold X has the S'-bundle structure 6 : X — H? induced from
ox. Then, we have the following diagram consisting of four blocks. The right lower
block is homotopically commutative, and the other three are commutative in the
usual sense.

w0 x Mxog
a9 I
pooox o x ldx oy
al pll l(h
07 u_t . n

The group G is regarded as an isometric and properly discontinuous transforma-
tion group on H?, i.e. G is a Fuchsian group, and also the covering tranformation
group on X with respect to p; o p. The group G’ is regarded as the v-isometric
tranformation group on X with respect to ¢, o p. Since the v-lengths of S'-fibers
6~ Yx) (z € H2) are bounded, 6 : X — H? is a quasi-isometry. In particular,
one can suppose that the compactification of X as a Gromov hyperbolic space has
the boundary S . The covering transformations of X corresponding to g € G and
g € G’ are properly homotopic to each other such that the length of each trace
of the homotopy is uniformly bounded. This means that the action of G on S., is
equal to that of G’. Thus, f, : G — G’ is the identity map as a transformation
on SL.

The d-neighborhood {y € H?; dist(y, J) < d} of a closed subset J of H? is de-
noted by Ny(J,H?). When J is a one point set {x}, Ny({z}, H?) is also denoted
by By(z). For any geodesic line o in H?, A% = 67! («) is an open annulus properly
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embedded in X. For C' > 0, we set Lo(a) = 67 (Neo(o, H2)), which is a neigh-
borhood of A in X. An open annulus A properly embedded in X is said to be a
v-least area open annulus associated to o if A satisfies the following two conditions:
e There exists C > 0 with A C Lo(«) and such that A is properly homotopic

to A% in Lo(a). The number C is called a deviation of A.
e A is v-least area. This means that any essential (compact) annulus A in
A has the least area among all immersed annuli A; in X with 4, = 0Ayp.

Lemma 2.1. For any geodesic line o C H?, there exists a v-least area open annulus
A, associated to . Moreover, a deviation C > 0 of A, can be taken as a constant
independent of «.

Proof. The base orbifold O(p, q,r) is divided by three geodesic segments uy, ug, u3
into two hyperbolic triangles of interior angles w/p, 7/q, w/r. The preimage

a1 (u; Uugy Uug) is a union of finitely many closed geodesics Iy, - - , 1, in F. Since
m1(F) is residually finite, then replacing F' by a suitable finite covering of F, if
necessary, we may assume that [1,--- [, are simple geodesics. Note that a=1(l;)

is a disjoint union of geodesic lines in H?. Figure 2.1l below illustrates the union
Ui, a'(l;). Let £ be the set of all geodesic lines contained in |J_, a=*(l;). The
preimage Tf = U)_(l(li) is an incompressible torus in X. According to Freedman-
Hass-Scott [4], there exists an embedded torus T; in X which is v-least area among
all tori homotopic to Tl-h. Each component A; of p~1(T;) is a v-least area open
annulus associated to a component of a=1(l;).
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FIGURE 2.1. The case of (p,q,7) = (2,3, 8).

Since the v-length of each trace of the homotopy between T; and Tf is uni-
formly bounded, that between ¢’ A; and ¢’ AE is uniformly bounded for any ¢’ € G'.
Moreover, as is seen above, that between ¢’ AE and gAE is uniformly bounded. It
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follows that ¢’ A;’s (¢’ € G',i =1,--- ,n) have a common deviation C; > 0. We set
A={gAi; ¢ €G'i=1,---,n}. Consider a G-fundamental domain D C H? of
O consisting of two hyperbolic triangles. Then, there exist finitely many geodesic
lines A1,---,Ax € £ in H? — D satisfying the following two conditions:

e Forany i€ {1,---,k}, \; is disjoint from \;’s (j # i—1,4,4+ 1) and meets
both A;_1, A;41 transversely in single points, where A\g = Ax and A1 = A;.

e Let ¢, be any geodesic lines in H? meeting orthogonally in a single point
of D. If n meets A\; and \; respectively in the distinct components of H2-¢,
then Ng, (A, H?) is disjoint from ¢ for any u € {i—1,4,i+1,j—1,5,7+1};
see Figure 22(a).

(a) (b)

FIGURE 2.2. In (a), the two shaded regions represent respectively
it+1 j+1

Uasi 1 Noy (A, H?) and U2 Ne, (A, H?). In (b), the shaded

region represents Q1 U --- U Qk, and the dotted line represents

dBc(x).

Fori € {1,---,k}, the component of H2—IntAN¢, (\;, H?) disjoint from D is denoted
by Q;. There exists a constant C' > 0 with 0B (x) C Int(Q1 U --- U Q) for any
x € D; see Figure Z2(b).

For any geodesic line o in H?, let AV («) be the subset of A consisting of 4; € A
disjoint from the open annulus A% = 67 !(a). For A; € AY(a), the closure of
the component of X — A; disjoint from A% is denoted by E(A;). Then, the union
E(a) =U{E(4;); A; € AV (a)} consists of two components. For any geodesic line
3 meeting o orthogonally in a single point x € H?, consider an element g € G with
g(z) € D. The points y, z € g(0) of distance C from g(x) are contained respectively
in @Qi—1UQ;UQi41 and Q;—1 UQ; UQ 41, where 4, j are the numbers satisfying the
above condition if we set g(a) = ¢ and g(8) = 7. Then, 671 ({y, 2}) is contained in
IntE(g(c)). This implies that Lo (o) contains OF(«).

For convenience, we fix a direction of . Consider a sequence {ag, oy, @z, -}
of compact connected subsets (geodesic segments) of « satisfying «,, C Intay,,41

and |J, @, = a. The annulus A, = 67 (a,) is a deformation retract of A,
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For any n € N, let A, A,, be the components of A, — IntA,,_;, where A} is
supposed to be ahead of A, with respect to the direction of av. If necessary, replacing
{an} by a suitable subsequence, one can have mutually disjoint elements JS € A

(e = £, n € N) satisfying the following two conditions:

e J¢ meets AS non-trivially and JS N (A% — IntAS) is empty.
e The two end components of JS are contained in distinct components of
E(a).

Let X,, be the closure of the middle component of X — JFUJ,, and set Y, (a) =
X, — E(a), 8Yy(a) = Y, (o) N (JF U J;); see Figure By the Annulus The-
orem (for example, see Jaco [9, Theorem VIII.13]), there exists an essential annu-
lus (AEL;Q,('?AEL;Q) properly embedded in (Y, (), 0Y,(a)). Let A,.o be a v-least
area annulus in X,, bounding 3A5m. Again by [M], A,., is an embedded annu-
lus. Since all elements of AY(«) are v-least area, A,,., is contained in Y;,(a). For
any integer m > n, set A%"fl) = Ama N Yn(a). Then, {(A%@,@A,(f@)}mZn is a
sequence of v-least area essential annuli properly embedded in (Y, (o), oY, ()
with Supm{Areay(AEZ?Q)} < Area, (0Y,(a))/2. By the Ascoli-Arzela Theorem, the
sequence has a subsequence which converges uniformly to a v-least area annulus
in (Y,,(), 0¥y (). By applying the diagonal argument to {4, o}, one can show
that the sequence has a subsequence converging uniformly on any compact set to
a v-least area open annulus A, properly embedded in |J)7, Y, (o) C Lo(a). O

n=1""n

FIGURE 2.3. The shaded region represents X,,.

Consider the G-orbit Gz = {z;} of x € H?. For any ordered pair (z;,;) of
distinct points x;,z; € Gz, let a;.; = a;.; be the perpendicular bisector line of the
geodesic segment connecting x; with x;, and let H;.; be the component of ﬁ—m;j
containing x;. The closure d;.; of St NH;.; in S1 is an arc satisfying 03:jUd . = St
and 51';]‘ N 6j:i = 85i:j = 8531

The three arcs 61, 0o, 93 in SL satisfy the tri-linking property if §; UdaUds = SL .
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Definition 2.2. Under the notation above, the orbit Gz satisfies the insulator
condition if, for each x; € Gz, all triads 0,4, d;,:4,0,:s do not have the tri-linking
property.

Let ¥o be the singular point set of the hyperbolic triangle 2-orbifold O =
O(p,q,7) with 2 < p < ¢ < r. The point of X corresponding to an elliptic
element of G = 7$**(O) with order r is denoted by 7.

The following lemma will play a crucial role in the proof of Lemma Bl

Lemma 2.3. For any point xo € (a0 a) 1 ({Zo}), the orbit Gxq satisfies the insu-
lator condition.

Proof. Let ag.; be the perpendicular bisector line of the geodesic segment connect-
ing xo with z; € Gag — {0}, and let d; be the distance between z¢ and «y.j,
that is, d; = dist(zo,z;)/2. If 6;,.0,0j,:0,0j,:0 satisfied the tri-linking property,
then Ames Hy.j, N Hy.j, N Ho.j, would be the hyperbolic triangle containing
xo. The distances between xo and the three edges of Aj, ;, ., are dj,,d;,,d;,.
In particular, A;, j, j, contains the round disk Dj, j, j, centered at xo of radius
d(z9) = min{d;,,d;,,d;,}. Let A’ be a maximal hyperbolic triangle containing
Aj, j,.js- Here, A’ being mazimal means that all vertices of A’ are in S%. Thus,
d(z) would not be greater than the inscribed radius of A’, which is log /3 (for
example see Beardon [I], §7.14]).
We will show that if (p,q,7) # (2,3,7), then the inequality

(2.1) d(zo) > log V3 = 0.5493061 - - -

holds. As is suggested in Figure 24 if the inequality (2] holds for (p,q,r), then

it also holds for any (p’,q¢,r') with p’ > p, ¢ > ¢, ' > r. Thus, it suffices to

consider the cases of (p,q,r) = (2,3,8),(2,4,5),(3,3,4). From the formula on hy-

perbolic right-angled triangles given in [I, Theorem 7.11.3(i)], if (p,q,7) = (2, 3,8)
r (3,3,4), then

s(m/3

d(xg) = arc cosh( (7‘[‘/8))
(2,
)

) = 0.7642854 - - -

holds; see Figure 28] Similarly, if (p,q,r) = (2,4,5), then

/4

d(zg) = arc COSh(s1n(7r/5)

> = (0.6268696 - - -

holds. Since in either case the inequality (ZII) holds, Gzq satisfies the insulator
condition whenever (p, q,r) # (2,3,7).
On the other hand, if (p,q,r) = (2,3,7), then

cos(m/3

d(xo) = arc cosh (W

) = 0.5452748 - - -
is slightly smaller than log /3 = 0.5493061---. If d;, = d;j, = dj, = d(xp), then
0., 0015, , X0:5, contain distinct edges of the regular heptagon H centered at z

as illustrated in Figure It follows that d,,.0,0,:0,dj,:0 do not satisfy the tri-
linking property. Thus, at least one of d;, (k = 1,2,3), say d;,, is greater than
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T /g

wqr' ), r'>r n/r

FIGURE 2.4. The cases of ¢/ > ¢ and v’ > r. The situation in the
case of p’ > p is similar to that of ¢’ > q.

n/3  w/3 /3 /4
O ] V
\// /5
/4

/8

FIGURE 2.5.

d(xg). Then, we have

cos(2m/7)

> il 4
i = sin(m/7)

N =

dist(zp, zg) = arc cosh( ) = 0.9037998 - - - |

where zg is the point in H? as shown in Figure Suppose that d;,:0,05,:0,0;5:0
satisfied the tri-linking property. Since the radius d(zo) of Dj, j,.is C Aj, i, ., has a
value sufficiently near to log v/3, Aj, 5. .js would be geometrically well approximated
by A’. From this, we know that Aj;, ;, ;, does not have any edge with d;, > 0.9,
a contradiction. In fact, it is not hard to show that d;, is at most 0.55739---
by considering the extremal case when a round disk of radius d(zg) touches two
edges of A’. Thus, also in the case of (p,q,7) = (2,3,7), Gxg satisfies the insulator
condition. O
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FIGURE 2.6. The seven white dots represent the points of Gzg
nearest to zg, and xg represents one of the points of Gz next to

these seven points.

3. PROOFS OF THEOREMS

We will always assume that any two least area surfaces meet each other trans-
versely, if necessary by deforming them slightly. Fix an zg € (a o @)~ !(%y) for the
point ZTgp € Yo given in Lemma [Z3l Set Gxg = {x;}ier for a countable set T
As in §2 for any ordered pair (4,j) of distinct elements of T, let a;.; = . be
the perpendicular bisector line of the geodesic segment connecting x; with x;. Let
A;.; be a v-least area open annulus associated to «;.;. We will take them so that
g Aij = Ay if g(a;) = 24, g(z;) = x, for g € G. Note that then A;.; # A;,; may
occur. If a;:; and ay, do not have common end points, then by the v-least area
property for A;.; and Ay, the intersection A;.; N A, is either empty or a single
essential loop. If «;.; and ay.; has only one common end point, then A;.; N Ay, has
at most one compact component (an essential loop) and any other component ¢ is
a properly embedded arc in A;.; (resp. Ag.) such that one of the two components
of Aj.j — ¢ (resp. Ak — &) is an open disk. Note that the two end components of
¢ are contained in a single end component of A;.;. Similarly, if o;.; = g, then
either A;.; = Agy or A;.j N Ay consists of at most one essential loop and properly
embedded arcs £ each of which either excises from A;.; and Ay, open disks or cuts
them into single open disks. The latter case occurs when £ is a curve connecting
the distinct end components of these annuli. The component of X — A;.; adjacent
to 0;.; C X = SL (vesp. §;.;) is denoted by ﬁfj (resp. ﬁfj) Note that in the
case when A;.; # Aj, fAI:’] is not equal to ﬁj_Z

A simple loop ¢ in an open solid torus V is called a core if V' — ¢ is homeomorphic

to T2 x (0,1).
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Lemma 3.1. For any i € I, the intersection ﬂjerf{i}(ﬁ;j N ﬁj_l) has only one

component V; which is an open solid torus such that a core of V; is also a core of
X. Moreover, any other component of ﬂjer_{i}(H;fj NH,) is an open 3-ball.

Proof. By Lemma[2T] one can have a common deviation for all A;.;’s. Thus, there
exist finitely many Hy’s (k =1,---,m) with either Hy = H;r]k or H, = H, , and
such that

ﬂ (H N Hy) =Hi0- N Hy,.
jer—{i}

We set A, = 9Hj. Then, Ay is either A;.j, or Aj..;. Suppose that H,—1 =
HyN---N H,_, satisfies the assertion of this lemma; we will show that H, also
satisfies it. Since A, is v-least area, each component J of A, NH,_1 is ether an
open disk or an open annulus. Moreover, in the latter case, a simple essential loop
in J is also essential in A,. As is shown in Figure 3.1l A, N H,_1 has at most one
open annulus component .J. The figure illustrates the case when d_J and 04 J meet
respectively a compact component A_ of A, N A; and a non-compact component
Ay of A, N A; for some k,l with 1 < k,l < u—1. The A_ is an essential loop
and Ay is a properly embedded curve in A,. Note that the left side component of
A, — A\_ is contained in Int(X — f[k) - Int(X — Hy-1).

Ay
J
?\._\‘ = }\’+
Outside of ['A[k 4/8—]

Fi1GURE 3.1. A,NH,_1—J is contained in the shaded part, which
is a disjoint union of open disks. Thus, any component of A,NH,_1
other than J is an open disk.

A core ¢ of the open solid torus component V of H, _1 meets non-trivially only
finitely many open disk components A, of A, NH,_1. If the intersection number
[Ay]-[c] # 0, that is, A, were a ‘meridian disk’ of V, then V' — A, would be an open
ball. It follows that all components of H,, would be open 3-balls. As in [6, Lemma
4.3], one can show that some triad dy, i, duwsy:is Swg:s Would have the tri-linking prop-
erty. This contradicts the fact that Gz satisfies the insulator condition by Lemma
Thus, each open disk A, excises from V an open 3-ball B,,. Deforming ¢ by
an ambient isotopy with its support a small regular neighborhood of |J, B,, one
can cancel the intersection ¢ N (|J, Ay). This shows that the union of open disk
components of A, NH,_1 divides V into one open solid torus ¥V’ and open 3-balls.
Moreover, a core ¢ of V' is isotopic to ¢ in V and hence ¢ is a core of X. In the
case when A, N H,_1 contains an open annulus component J, J divides V' into
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two open solid tori V{ and V4. One of them, say VY, is contained in H, and hence
in H,, but the other is disjoint from H, T hus, V/ is a unique open solid torus
component of H,. A simple essential loop ¢y of J is a core of A, and hence that
of X. A simple loop ¢} of V{ isotopic to ¢y in V7 is a core of both V{ and X.
Repeating the same argument, one can show that H,, = ﬂjeF—{i}(H;_j N ﬁ;i)
satisfies the required conditions. O

Proof of Theorem [Tl From the definition of open solid tori V; (i € T') given in
Lemma[3T] they are mutually disjoint and G’-equivariant. In particular, for ¢’ € G’
corresponding to any element g of the stabilizer Stabg (Tg) & Z,., we have ¢’ Vo = V.
Then, there exists a G’-equivariant solid torus WO - VO such that a core of WO is
a core of X. The image Wy = ¢; o p(Wo) is a solid torus in N. Set W; = ¢'Wj for
g€ G with g(xz¢) = x;. Since a core of any W, is a core of X and since any two
W, and W are separated by the open annulus Az g U; W; is an unknotted ‘closed
braid’ in the open solid torus X, that is, ¥ = X — U, IntW; is homeomorphic to
R x S! for some planar surface R such that m;(R) is an infinitely generated free
group. From m(Y) 2 m1(R) x Z, we know that 7 (Y) has the center Z = (h)
isomorphic to Z. Since g1 o ]3|)A/ .Y — N — IntW, is the restriction of the regular
covering qi o p, it is also a regular covering. Thus, m(Y) can be regarded as a
normal subgroup of m (N — IntWj). In particular, for any g € 71 (N — IntWp),
ghg~! is an element of 7;(Y). Moreover, for any f € m(Y), we have

flghg™ ™" = gllg™" fo)hlg fg) g™
= gl f9) g fo) Mg = ghg™!

This implies that ghg~! € Z, and hence Z is a normal subgroup of 7y (N — IntWj).
Since N — IntWj, is a Haken manifold, this shows that N — IntWW}, admits a Seifert
fibration (see [9, Theorem VI.24]). Thus, N has a Seifert fibration extending that
on N — IntWy. Since then f: M — N is a homotopy equivalence between closed
Seifert fibered spaces of infinite 7y, f is homotopic to a homeomorphism. O

Proof of Theorem[02l Let f : M — M be a self-homeomorphism of a closed
Seifert fibered space M with the hyperbolic base 2-orbifold O which is homotopic
to the identity Ids of M. If O is not a triangle orbifold, then M is a Haken manifold,
and hence the proof of Theorem is reduced to Waldhausen [I4, Theorem 7.1].
So, we may assume that O is a triangle 2-orbifold O(p, ¢,7) with 2 < p < g < r,
1/p+1/q+1/r < 1. Moreover, one can suppose that f is a diffeomorphism. Fix
a Riemannian metric v on M. Then, f.(v) is another Riemannian metric on M.
Consider a solid torus W, in M defined as Wy C N in the proof of Theorem
with respect to v. Note that W, contains an exceptional fiber in M of order r. The
other two exceptional fibers are contained in M — IntW,. Similarly, f(W,) can be
regarded as a solid torus Wy, () in M with respect to fi(v).

First, we will show that Id,; is isotopic to a diffeomorphism f’: M — M with
/(W) = f(W,). Let us consider a continuous deformation of Riemannian metrics
on M from v = vy to f.(v) = vy defined as follows. Let gg, g1 be the inner products
on the tangent bundle T'(M) determining the Riemannian metrics vg, v1. Then,
the Riemannian metric v, (¢t € [0,1]) on M is determined by the inner product g,



SCOTT’S RIGIDITY THEOREM 4069

on T(M) such that
(3.1) 9t (u,v) = (1 —t)go(u, v) + tg1(u,v)

for any € M and any two vectors u,v € T, (M). Let Vi[t] be a G-equivariant
open solid torus in X defined as in Lemma [B.I] with respect to vy, and let Wy be

an unknotted solid torus in the open solid torus p; oﬁ(f/i[t]) C M. For the proof, it
suffices to see that any ¢y € [0, 1] has a neighborhood U such that, for each ¢t € U,
W, is ambient isotopic to Wy, in M. If not, there would exist a sequence {t,}
in [0,1] converging to to such that any W, is not ambient isotopic to W;,. Let
I, -, 1, be simple closed geodesics in F' as in the proof of Lemma 2]l Let Titn)
be a 14,-least area torus homotopic to the embedded torus T,E = 0}1 (l) in X.
Note that the v4,-areas of Ty,)’s are bounded from above. In fact, from (B.)), we
have a constant K > 1 independent of n such that

Areas, (Tyr,)) < KArveay, (Typ,)) < KAreay, (T,E) < K?Areay, (T,E)

By the Ascoli-Arzela Theorem, if necessary passing to a subsequence of {t,}, we
may assume that each sequence {7y, | }ne; converges uniformly to a vy, -least area
torus Tk'[to]. Note that either Ty, = Tk'[to] or Tyge U Tk'[to] bounds a submanifold
of X homeomorphic to 72 x I. From this convergence, one can take a constant
C1 > 0 independent of n as a deviation of any component Ay | of ﬁ’l(Tk[tn}).
Then, as in the proof of Lemma 2] we have a constant C' > 0 independent of n
as a deviation of a 14, -least area open annulus A,[;,) associated to any geodesic
line o in H?. Again passing to a subsequence of {t,} if necessary, we may assume
that the sequence {4;.;;,1}nz1 converges uniformly on all compact subsets to a

Vi,-least area open annulus A? Jlto] associated to a;j. Asin Lemma[3.1] A? ilto] and
A;: ilto] determine a G-equivariant open solid torus Vifto]. Let Wy be an unknotted

solid torus in p; oﬁ(Vifto]). From the uniform convergence of {4; 1,1} — A7 [to] 11
compact subsets, we know that W;  is ambient isotopic to Wy in M for any n € N
greater than a sufficiently large ng. Applying the argument in the proof of Lemma
B.Ito Aijiee) Ajuifto)» A;:j[to],A;:i[to] (je FAf {i}), one can show that Vjj;,; N Viftp]
has a unique open solid torus component Vi[‘to]7 a core of which is also a core of X.

This implies that a core of Vi[to] (resp. of f/ifto]

). It follows that W2 and hence W;, (n > ng) are ambient isotopic

I ) is isotopic to a core of I7i[‘t0] in Vi[to]
(resp. in V7, |
to Wy, in M. This contradiction shows the existence of our desired diffeomorphism

f.

Since the Seifert fibration on M — IntWW,, has the base orbifold with a disk as its
underlying space and with two exceptional fibers, M —IntWW,, has a unique essential
annulus A up to ambient isotopy. Thus, f’ is isotopic to f” with f”(W,) = f(W,)
and f"”(A) = f(A). Moreover, we may assume that, for some essential simple loop
cin IntA, f’lc = fle. If f71o f'|JA : A — A were an orientation-reversing
homeomorphism, then the homomorphism f, : G — G induced from the identity
Idr, () = fo : T (M) — 71 (M) would exchange elliptic elements corresponding
to the two exceptional fibers in M — IntW,,, a contradiction. This shows that f” is
isotopic to f" with f”|(TU A) = f|(T'U A), where T = 0W,,. Since the closure of
each component of M — T U A is a solid torus, f”/ is isotopic to f. This completes
the proof. O
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